Abstract. By a hyperbolization of a locally compact non-complete metric space (X, d) we mean equipping X with a Gromov hyperbolic metric d h so that the boundary at infinity ∂ ∞ X of (X, d h ) can be identified with the metric boundary ∂X of (X, d) via a quasisymmetric map. The aim of this note is to show that the Gromov hyperbolic metric d h , recently introduced by the author, hyperbolizes the space X. In addition, we show that if f is a power quasisymmetry between two locally compact non-complete metric spaces (X, d) and
Introduction
The theory of planar quasiconformal mappings has greatly benefited by the availability of hyperbolic geometry in the open unit disk D 2 . For general simply connected domains in the complex plane C (other than C itself) one can still define a hyperbolic metric of constant negative curvature by pulling the hyperbolic metric of D 2 using the Riemann mapping. For domains in higher dimensional Euclidean spaces R n the quasihyperbolic metric k of Gehring and Palka can be used as a substitute for a hyperbolic metric [7] . Bonk, Heinonen and Koskela proved that k provides a hyperbolization of bounded domains D in R n if and only if D is uniform [2, Theorem 1.11]. They also showed that the quasihyperbolic metric provides a hyperbolization for general locally compact non-complete uniform metric spaces. More precisely, if (Ω, d) is such a space, then the space (Ω, k) a proper and geodesic Gromov hyperbolic space. If, in addition, Ω is bounded, then the metric boundary ∂Ω of (Ω, d) and the boundary at infinity ∂ ∞ Ω of (Ω, k) are quasisymmetrically equivalent [2, Theorem 3.6] .
In this paper we deal with a hyperbolization of arbitrary locally compact noncomplete metric spaces (X, d). We substitute the quasihyperbolic metric with a Gromov hyperbolic metric d h recently introduced by the author [11] . The metric d h does not change the quasiconformal geometry of X. That is, the identity map id X : (X, d) → (X, d h ) is quasiconformal [11, Theorem 2.1]. Here we show that the metric d h provides a hyperbolization of X (Theorem 3.1). We also show that if
is a quasiisometry, quantitatively (Theorem 4.1).
Preliminaries
Let (X, d) be a metric space. Given a subset A ⊂ X, the closure of A is denoted by A and the distance from a point x ∈ X to A is denoted by dist(x, A). The set A is called cobounded if dist(x, A) ≤ r for some r ≥ 0 and for each x ∈ X. An open ball centered at x ∈ X and of radius r > 0 is denoted by B(x, r); its closure is denoted by B(x, r). For s, t ≥ 0, we put s ∨ t = max{s, t} and s ∧ t = min{s, t}. The space X is called locally compact if given x in X, and given a neighborhood U of x, there is a neighborhood V of x such that V is compact and V ⊂ U .
Quasisymmetry. The concept of quasisymmetry was first introduced by
Ahlfors and Beurling in their study of boundary extensions of planar quasiconformal mappings [1] . In the settings of arbitrary metric spaces the quasisymmetric maps were introduced by Tukia and Väisälä [13] . Let f be a homeomorphism between the metric spaces (X, d) and (X , d ). The map f is called quasisymmetric if there exists a homeomorphism η :
for each triple x, y, z of distinct points in X. We also say that f is η-quasisymmetric. y) ) for all x, y, z ∈ X. We also say that d is a K-quasimetric. The pair (X, d), where d is a quasimetric on X, is called a quasimetric space. Hence every metric is a 1-quasimetric. Conversely, if D is a quasimetric on X, there exists a metric d and constants C, s ≥ 1 such that for all x, y ∈ X we have
Quasimetrics. A function
(See [6, p. 5] and [8, p . 109] for details). Observe that in this case the identity map id
Therefore, when dealing with quasisymmetric mappings, quasimetrics are as good as metrics but quasimetrics are easier to define than the metrics. Quasimetrics often arise when a metric space (
, it is always a quasimetric.
Gromov hyperbolicity.
Let (X, d) be a metric space and let p ∈ X be a fixed base point. For x, y ∈ X we put
The quantity (x|y) p is called the Gromov product of x and y with respect to p. The space X is called Gromov hyperbolic if there exists δ ≥ 0 such that
We also say that X is Gromov δ-hyperbolic.
To each Gromov hyperbolic space X one associates a boundary at infinity. To define this boundary, fix a base point p ∈ X. A sequence {x i } in X is said to converge at infinity if (x i |x j ) p → ∞ as i, j → ∞. Two such sequences {x i } and {y i } are said to be equivalent if (x i |y i ) p → ∞ as i → ∞. Then the boundary at infinity ∂ ∞ X of X is defined to be the set of equivalence classes of sequences converging at infinity. Given p, q ∈ X, one can easily see that
Hence the boundary at infinity ∂ ∞ X is independent of the base point.
There is a natural quasimetric
By convention we put e −∞ = 0. A metric ρ on ∂ ∞ X is called a visual metric if there exists p ∈ X and constants C ≥ 1 and > 0 such that for all x, y ∈ ∂ ∞ X we have
The boundary at infinity of any Gromov hyperbolic space endowed with a visual metric is bounded and complete [4,
is cobounded in X and if there exist constants λ ≥ 1 and k ≥ 0 such that for all x, y ∈ X we have
We also say that g is a (λ, k)-quasiisometry. A (1, k)-quasiisometry is called a rough isometry. The space X is called roughly geodesic if for every x, y ∈ X there exists a rough isometric image of [0, 1] joining x and y in X. Quasiisometries are the morphisms in the category of Gromov hyperbolic geodesic metric spaces. That is, if X is a Gromov hyperbolic geodesic metric space and g : X → X is a quasiisometry, where X is a geodesic metric space, then X is also Gromov hyperbolic. A similar conclusion holds in the nongeodesic settings only if g is a rough isometry.
Chordal metrics.
One of the issues we discuss in this paper is the identification of the metric boundary ∂X of a locally compact non-complete metric space (X, d) with the boundary at infinity ∂ ∞ X of the associated Gromov hyperbolic space (X, d h ). Since ∂ ∞ X is always bounded and since quasisymmetric mappings map bounded sets to bounded sets, we need to equip the set ∂X = ∂X ∪ {∞} with an appropriate metric when ∂X is unbounded. Not surprisingly, we shall find it easier to define a quasimetric on ∂X which, as mentioned above, is the same as a metric (up to a quasisymmetry). Here ∂X is the one-point extension of ∂X and ∞ / ∈ ∂X. By declaring the sets of the form ∂X \ A, where X is a closed bounded subset of ∂X, to be the neighborhoods of ∞, one defines a Hausdorff topology on ∂X (see, for example, [14, p. 219] 
(See also [3, 5, 9] ). Observe that if X is non-complete, then the quasimetric d p naturally extends to the completion X of X. In particular, d p extends to ∂X ∪{∞}, where ∂X = X \ X is the metric boundary of X. Note also that if X is bounded, then for all x, y ∈ X we have
There exists a metricd onX such that
for all x, y ∈X (see, for instance, [3, Lemma 2.2]). The metricd is defined bŷ
where the infimum is taken over all finite sequences (
We say that a metric d onX is a chordal metric if there exists p ∈ X and a constant C ≥ 1 such that
for all x, y ∈X (see also [10, Section 3] ). Finally, we note that when X is a ptolemaic space, then the function d p,q , defined by
is a metric onX by Theorem 3.4 [10] .
We omit the details.
Hyperbolization of locally compact non-complete metric spaces
Suppose that (X, d) is a locally compact non-complete metric space. Let X be its metric completion and let ∂X = X \ X be the metric boundary of X. By a hyperbolization of X we mean a Gromov hyperbolic space (X, h) whose boundary at infinity ∂ ∞ X can be identified with ∂X by a quasisymmetric map. If X is uniform, then the quasihyperbolic metric provides a hyperbolization of X by Theorem 3.6 [2] .
For an arbitrary locally compact non-complete metric space (X, d) we consider the following metric d h , introduced in [11] :
It follows from Theorem 2.1 [11] that the space (X, d h ) is Gromov δ-hyperbolic with δ ≤ log 4. Observe that if X is bounded and uniform and if (X, d h ) is roughly geodesic, then (X, d h ) is a hyperbolization of ∂X, i.e., the boundary at infinity ∂ ∞ X of (X, d h ) can be identified with ∂X by a quasisymmetric map. Indeed, it follows from ([11, (3.5)]) that the identity map id
Since the spaces (X, d h ) and (X, k) are both roughly geodesic, their boundaries at infinity are quasisymmetrically equivalent by Theorem 6.5 [4] . The result now follows from Theorem 3.6 [2] . The next theorem shows that (X, d h ) is always a hyperbolization of X. 
Proof. For simplicity, we put d(x) = dist(x, ∂X). Fix a base point p ∈ X.
Observe that the Gromov product of x and y with respect to p is equal to
First we assume that X is bounded. We shall construct a surjective map f : ∂X → ∂ ∞ X such that f is biLipschitz from (∂X, d) to (∂ ∞ X, ρ p ), which implies f is injective as well. Since the visual metrics on ∂ ∞ X are quasisymmetrically equivalent with ρ p , the theorem follows in this case.
Formula (3.2) implies that if {x
We denote by f (x) the point in ∂ ∞ X represented by {x i }. Hence we obtain a well-defined map f :
We show that f is surjective. Let {x i } ⊂ X be such that (x i |x j ) p → ∞. Since X is bounded, the numerator in (3.2) is bounded. It follows that
Hence {x i } ⊂ X is a Cauchy sequence in X∪∂X and so x i → x for some x ∈ X∪∂X. Since d(x i ) → 0, we must have x ∈ ∂X. This shows that f is surjective.
We next show that f :
Hence
.
for all x, y ∈ ∂X, as required. Now we assume that X is unbounded. It is enough to construct a biLipschitz map g :
If the sequence {d(p, x i )} is bounded from above, then the argument as in the bounded case above shows 
Combining this inequality with (3.2) we obtain that
Since (x i |x k i ) p → ∞ and since the sequence {d(p,
The latter implies that the sequence {d(p, x i )} is also bounded, which is the required contradiction. Thus, d(p, x i ) → ∞ and the above discussion shows that {x i } represents ∞ and hence ξ = ∞ = g(∞). Next we show that g is biLipschitz. First let x, y ∈ ∂X. Then as above we have
. y) , completing the proof.
Power quasisymmetry between locally compact non-complete spaces
In this section we show that power quasisymmetries between locally compact non-complete metric spaces are quasiisometries between their hyperbolizations. We do not know if this result still holds for weak quasisymmetric maps. ) be a (λ, α) -quasisymmetry with λ ≥ 1 and α ≥ 1. Since f −1 is also a power quasisymmetry, it suffices to show that there exist constants L and A depending only on λ and α such that and ξ 2 = f (ξ 2 ) for some ξ 1 , ξ 2 ∈ ∂X. The quasisymmetric condition implies 
In the third inequality below we use the inequality log(1 + 2λt) ≤ log(1 + 2λ) + log t valid for all t ≥ 1. By (4.1) we have 
